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INTRODUCTION 
Lamb wave ultrasonic testing has been practically used as a nondestructive 
method to detect flaws in a thin plate. Accuracy of the ultrasonic testing has, 
however, not been evaluated quantitatively since propagation and scattering processes 
of Lamb waves depend on various experimental conditions such as the frequency, the 
plate thickness, the wave mode and the flaw's properties. As shown in Fig. 1, the 
Lamb wave ultrasonic testing includes three wave phenomena: 1) conversion of 
ultrasonic waves driven by a transducer into Lamb waves and vice versa, 2) Lamb 
wave propagation between a transducer and a flaw, and 3) scattering of Lamb waves 
by a flaw. The relatively classical elastodynamic theories have been applied to 
understand the former two wave phenomena, 1) and 2). The conversion process of 
ultrasonic waves to Lamb waves can be interpreted as the reflection and transmission 
of acoustic-elastic waves at the interface of dissimilar materials. Also, the propagation 
of Lamb waves in a plate is one of the fundamental problems in the classical 
elastodynamics. On the other hand, there are few studies on the scattering of Lamb 
waves, although the Lamb wave scattering is of importance to establish a quantitative 
Lamb wave ultrasonic method. Coen et al. [IJ showed that the symmetric Lamb wave 
is more sensitive to flaws around the center plane of the plate, while the 
antisymmetric Lamb wave has better responses to flaws in the vicinity of the top and 
bottom surfaces of the plate. In order to investigate such interaction of the Lamb 
wave with a flaw, it is necessary to analyze the scattering problem of Lamb waves. 
This study is concerned with the numerical simulation of the Lamb wave 
scattering using a boundary element method (BEM). As seen in Fig. 1, it is usually 
assumed that the distance r between a transducer and a flaw is much larger than the 
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Figure 1. Schematic view of a Lamb wave ultrasonic testing. 
representative dimension a of the flaw. Hence, the evaluation of scattered far-fields is 
required in the simulation analysis. In this study, the scattered far-fields are evaluated 
through the two steps of a near-field calculation and a far-field calculation. In the 
near-field calculation, a BEM is used to obtain the displacements and tractions on the 
boundary of a flaw. In the far-field calculation, the scattered far-field can be obtained 
by substituting the near-field solutions into the integral expression of the scattered 
wave. 
NEAR-FIELD CALCULATION 
Let D be a two dimensional domain of a plate occupied by a homogeneous, 
isotropic, linearly elastic solid. The domain D is enclosed by the upper and lower 
boundaries S and the boundary B of the flaw. When the incident Lamb wave hits the 
flaw's boundary B, the scattered wave is generated by the interaction of the incident 
Lamb wave with the flaw. The total wave field u can then be expressed as the sum of 
the incident wave field iPn and the scattered wave field usc. All wave fields are 
assumed to be time harmonic with the time factor eiwt in common, where w is the 
angular frequency. In the following, the time factor eiwt will be omitted for simplicity. 
Applying the reciprocal theorem to the scattered wave field USc and the 
fundamental solution 0 in the 2-D elastodynamics in the domain D, we then have the 
boundary integral equation for the scattered field [2]: 
-21 u:::'(x) + { {1imCy, x)unY) - UimW', x)tnY)}dsy = 0, xES or B (1) 
JS+B 
where trC and Tim('fj, x) are the traction counterparts of the displacement u:C and the 
fundamental displacement solution Uim(f!, x), respectively. In eq.(l), it is assumed 
that the boundaries S and B are smooth and the integrals are evaluated in the sense 
of the Cauchy principal value. Using usc = u- iPn, eq.(l) can be transformed to the 
boundary integral equation for the total field as follows: 
-21 um(x) + { {1imW', X)Ui(Y) - Uim(f!, X)ti(if) }dsy = g:;:(x), xES or B (2) 
JS+B 
where g:;: has the same expression as the left hand side of eq.(2), but with the wave 
field (iPn, jtn) instead of (u, i). 
Eq.(2) can be solved numerically by substituting appropriate boundary 
conditions and discretizing the integrals. In the discretization of the integral equation, 
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it is noted that the boundary S of infinite extent is truncated at the finite length. In 
the sequent calculations, the truncation is made at JxI/ aJ = 10. 
For the traction free boundary conditions given by t(x) = a for xES and B, 
eq.(2) may be written in the matrix form: 
FAR-FIELD CALCULATION 
(3) 
Let GimCi!, x) be the Green's function, which represents the displacement in the 
i-direction at the point Y due to the time harmonic point force in the m-direction at 
the point x in a plate. Gim(y, x) satisfies the traction free condition for yES. 
Applying the reciprocal theorem to the scattered wave ute and the Green's function 
Gim yields the integral representation for the scattered displacement at any point in 
the domain D: 
where Him(y, x) is the traction counterpart of the displacement Gim(y, x). It is noted 
that eq.(4) does not include the integration over the boundary S, since 
ti(iJ)= Him(y, x)= a for yES. 
The scattered waves in a plate consist of the body waves and the Lamb waves. In 
a 2-D problem, the body waves have the attenuation of the order 1/,ji, while the 
Lamb waves have no attenuation. Hence, the main contribution in the scattered far 
field comes from the Lamb waves. In order to evaluate the scattered far field from 
eq.(4), therefore, it is necessary to extract the Lamb wave components from the 
Green's function Gim(y, x) as Ixl ----> 00. 
The Green's function can be expressed as the sum of the singular solution 
emitted from the point force and the regular terms [3], namely, 
G ( - -) ~ u (- -) "100 -G{3 (- k)d{3 ipf'Ydk im y, X im y, X + L.J m x, i e {3=L± ,T± -00 
where 
JL± (k/kL, ±vL/kd, Jr± = (4=-VT/kr, k/kT), tf3 = (k, ±V(3) , 
Vf3 Vk~ ~ k2 , kL and kr: wave numbers of Land T waves. 
(5) 
In eq.(5), Uim(y, x) is the same as the fundamental solution used in the near-field 
calculation. At far-field, Uim has the asymptotic behavior as follows: 
where ~ = kL/kT' Xi = xdlxl, J.1 is the shear modulus and (z) = V2/(7rz)ei (Z-1r/4). 
From eq.(6), it can be seen that Uim has only body wave components at far field. 
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Figure 2. Model of the scattering analysis by a horizontal crack in a plate 
The integral terms in eq.(5) stand for the reflection waves at the boundary S, 
and Gr:.. indicate the reflection coefficients, which can be determined using the traction 
free condition on the surface S. Vr:.. may be written in the following form: 
G{j(~ k) = S~(x,k) A~(x,k) 
m x, DS(k) + DA(k) (7) 
where S~ and A~ are regular functions with respect to the variable k, and DS and 
DA are given by 
12/ q~+ cos (v£h) sin(vTh) - q~+ qf/ cos(vTh) sin(v£h) 
qf2+ q~+ sin(v£h) cos(vTh) - q~+qf2+ sin(vTh) cos(v£h) 
AI J-tbij dP . tP + df rIJ + d~ rl! 
(8) 
(9) 
(10) 
where h is a half of the plate thickness. It is noticed that DS = 0 and DA = 0 are 
Rayleigh-Lamb equations, which give the dispersion curves of symmetric and 
antisymmetric modes, respectively. Substituting eq.(7) into eq.(5) and using the 
residue theorem, we can extract the Lamb wave components included in the Green's 
function Gim. Consequently, the asymptotic behavior of the Green's function Gim at 
far field may be written as 
where k~ and k;; denote the roots of the equations DS(k) = 0 and DA = 0, 
respectively. Substitution of eq.(ll) into eq.(4) yields the integral expression for the 
scattered far field iJ:c;!ar as follows: 
.c-!ar(~) _ { {G!ar(.~ ~)t (:11 H!ar(~~) (~)}d 
um' x - J B im y, X i YJ - im y, X Ui Y Sy (12) 
NUMERlCAL RESULTS 
We consider the scattering problem of a Lamb wave by a horizontal crack in a 
plate as shown in Fig. 2. The crack is a mathematical crack, which has two surfaces 
faced to each other with the traction free boundary condition. The crack has the 
length 2h, which is equal to the plate thickness, and is located at the off-centered 
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Figure 3. Horizontal displacements [ a) real and b) imaginary parts 1 and vertical 
displacements [ c) real and d) imaginary parts 1 of the scattered waves on the upper 
left plate surface of -10 < xd h < -3 and X2 = h. 
position by the distance d from the center plane of the plate. The incident wave is a 
Lamb wave with the nondimensional wave number hkT = 5.08, which corresponds to 
the experimental conditions of the plate thickness 2h = 2.3mm, the frequency 
j=2.25MHz, the longitudinal and transverse wave velocities CL= 5900 m/sec and 
cT=3200 m/sec. 
Figure 3 shows the displacements of the scattered waves on the upper left plate 
surface of -10 < xI! h < -3 and X2 = h. Figures a) and b) are real and imaginary 
parts of the horizontal components, and figures c) and d) are real and imaginary parts 
of the vertical components. The crack is located at the off-centered position of 
d/ h = 0.5 and the incident wave is a Lamb wave of the antisymmetric Oth mode. In 
each figure, the solid line shows the displacement obtained by the far-field calculation. 
The dashed line shows the solution obtained by the near-field calculation, in which 
the boundary S is truncated at the point far enough from the crack. Both results are 
not perfectly in agreement, but they show good correlation to each other. The reason 
for the difference between both solutions is given as follows. The near-field 
calculations include the truncation errors with respect to the boundary S of the 
infinite extent. Also, the far-field calculation is originally derived for the scattered 
wave at the far-field as iii ---+ 00, not for the wave field at the points with the finite 
distance from the flaw as shown in Fig. 3. 
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Figure 4. Decomposition of Re(un shown in Fig. 3.c into Lamb wave components. 
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Figure 5. Vertical amplitudes of the backscattered far-fields as a function of the crack 
depth d. 
As seen in eq.(ll), the Green's function can be expressed as the sum of Lamb 
wave modes. Using this property of the Green's function, we can decompose the 
scattered far field into Lamb wave components. Fig. 4 shows the decomposition of 
Re( u'n shown in Fig. 3.c into Lamb wave modes. In this case, the scattered far field 
consists of three symmetric modes and three antisymmetric modes. It can be seen 
that large scattered amplitudes are generated in the symmetric 2nd mode and the 
antisymmetric 1st mode, even though the incident wave is the Ao mode. 
In the Lamb wave ultrasonics, a specific Lamb wave mode may be excited by 
changing the incident angle and the frequency of the transducer, since the conversion 
process from a transducer-excited ultrasonic wave to a Lamb wave follows the Snell's 
law. In the pulse-echo setup as shown in Fig. 1, the same Snell's law as in the incident 
process can be applied to the receiving process. Therefore, it may be reasonable to 
assume that the flaw echoes detected by a transducer are proportional to the 
scattered amplitudes of the same Lamb wave mode as the incident wave mode. Under 
the above assumption, the backscattered amplitudes of the same Lamb wave mode as 
the incident Lamb wave are calculated as a function of the parameter d of the crack 
depth. Figure 5 shows the vertical amplitudes of the backscattered So and Ao Lamb 
waves corresponding to the incident So and Ao waves, respectively. It can be shown 
that the crack near the center plane of the plate is more sensitive to the So mode than 
Ao mode, and the crack in the vicinity of the plate boundaries is more detectable by 
the Ao mode than So mode. This tendency is consistent with the experimental results 
reported by Co en et al. [1 j 
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